Abstract. In this paper, we study the existence and properties of monotone solutions to the following elliptic equation in R n
where ∆ is the standard Laplacian operator in R n , and u 0 is a given smooth function in R n with some monotonicity condition. We show that under a natural condition on the nonlinear term F , there exists a global solution to the diffusion problem above, and as time goes to infinity, the solution converges in C 2 loc (R n ) to a solution to the corresponding elliptic problem. In particular, we show that for any two solutions u 1 (x ) < u 2 (x ) to the elliptic equation in R n−1 :
−∆u = F (u), in R n−1 , either for every c ∈ (u 1 (0), u 2 (0)), there exists an (n − 1) dimensional solution uc with uc(0) = c, or there exists an xn-monotone solution u(x , xn) to the elliptic equation in R n :
− ∆u = F (u), in R n , ∂x n u > 0, in R n such that lim A typical example is when F (u) = u − |u| p−1 u with p > 1. Some of our results are similar to results for minimizers obtained by Jerison and Monneau [13] by variational arguments. The novelty of our paper is that we only assume the condition for F used by Keller and Osserman for boundary blow up solutions.
1. introduction. In this paper, we consider monotone solutions to elliptic problem on unbounded cylindric domains in R n or the whole space R n , and semi-entire solutions to the corresponding semi-linear diffusion equations. Typically, we shall study the existence and and properties of monotone solutions to an elliptic equation in R n − ∆u = F (u), in R n , ∂ xn u > 0.
Here we assume that the non-linear term F (u) is a locally Lipschitz function on R. We shall consider the elliptic equation as a limit of corresponding parabolic problem. So we also consider the existence and convergent properties of monotone solutions to the following parabolic equation
where F : R → R is a smooth function to be given later, ∆ is the Eulidean Laplacian operator in R n , ∂ xn u is the x n -derivative of the solution u, and u 0 (with ∂ xn u 0 ≥ 0) is a given bounded smooth function in R n with the property ∂ xn u > 0. The classical model for our elliptic problems is the scalar Ginzburg-Landau equation where
The main tool for our study is the comparison principle. Hence, one can use the heat flow method to study more general elliptic problems. Usually, the boundary blow up solutions to elliptic problems play an important role. People may consider the related problems in complete non-compact Riemannian manifolds with bounded curvature where the maximum principle is still true [21] . Recently, K.C.Chang [4] also uses heat flow method to study some interesting elliptic problem with discontinuous coefficients. This kind of idea was often used by experts in the study of harmonic maps between Riemannian manifolds (see [9] , [22] , [5] , [16] , [15] , and [23] ). However, it seems to us that heat flow method has not been widely used in the study of elliptic problems and variational methods. In particular, there are relative not much works on elliptic systems attacked by the heat flow method. We remark that, since our initial data may change sign, our solution may change sign too. So this problem is quite different from previous study concerning same kind of parabolic equations, where one usually uses the monotone method [20] to find a positive solution. In the elliptic case, H.Berestycki, L.Caffarelli and L.Nirenberg [3] considered the symmetry problem for positive solutions on unbounded domains. In their Proposition 1.1, they prove the existence of an x n -monotone solution under mixed conditions. One of our goal here is to find some generalization of this result. In fact, we are trying to find an x n -monotone non-trivial solution to the elliptic problem
under nice conditions on non-linear term. Our study is motivated by the famous De Giorgi conjecture for dimension n > 8 (see [6] , [1] , [2] , [12] , [11] ,and [13] ). Roughly speaking, the De Giorgi conjecture says that all bounded entire x n -monotone solutions are one dimensional solutions. We shall consider this conjecture as a special case of studying symmetry property of solutions to elliptic problems in R n . On one hand, the difficulty in studying the elliptic and parabolic equations on unbounded domains is the lack of global compactness. On the other hand, we have a nonlinear term which is relatively tamed so that we can treat the problem from local point of view. The tricky part in keeping symmetry of our problem is to choose a nice domain exhaustion of R n to have an x n -monotone solution. Our goal is to find a non-one-dimensional monotone solution to the elliptic problem. But we have not succeed. We believe that our method is a right one. If we can find a nonone-dimensional solution, then we get a counter example to De Giorgi conjecture. Clearly it is not true in dimension less than 9 since the De Giorgi conjecture is true in this case ( [12] , [13] ,and [19] ). We also mention that in the study of traveling wave of the diffusion problem, we can also study the symmetry and monotone properties of positive traveling waves or bounded ones. However, there is all most no result in this direction.
Because the behavior at infinity of the initial data u 0 may not be assumed, we have to use domain exhaustion method in the way that
We assume the following condition for the nonlinear term f (u) := F (u). That is, for any positive constant s, we have that ( * * ):
This is a sufficient and necessary condition proved by J.B.Keller [14] and R.Osserman [18] such that we have the boundary blow up positive solution to the equation
where B R (x) is the ball in R n with center at x ∈ R n and of radius R > 0. We just remark that our sign of F is opposite that of J.Keller and R.Osserman. A typical example is f (u) = u − u|u| β where β > 0. The novelty of our paper is that we only assume this condition for F , and other papers assumed some other growth condition for the non-linear term F .
We remark that all smooth solutions to the parabolic equation
with bounded initial datum are bounded under the condition (**). Bounded-ness of solutions comes from a barrier argument [7] . The existence of smooth solutions follows from the monotone method (see [7] and [20] ). Our plan is to construct n-dimensional solutions from solutions of (n − 1)-dimensional problems. We first consider the following problem. Let Ω be a bounded smooth domain in R n−1 . Given two datum
We assume that the (n − 1)-dimensional problem
has a unique smooth solutionū, and the (n − 1)-dimensional problem
has also a unique smooth solution u. Our question is: Can we find a solution to the following n-dimensional problem
such that the solution u(x , x n ) has the property that
and
where x ∈ Ω . We shall affirmatively solve this problem. In the following, we assume φ(x), x ∈ Ω := Ω × R, is a given bounded smooth function such that
where x ∈ ∂Ω . Our first result is Theorem 1. Under the condition ( * * ), we have a unique global solution u(x, t) to the parabolic problem
and by passing to a subsequence, saying, u(·, t k ) converges locally uniformly in C 2 as t k → ∞ to a unique solution u(x , x n ) to the elliptic problem
where x ∈ Ω , and u(x , x n ) has the property that
furthermore, other symmetry properties of φ like
are also preserved, and
Using Theorem 1, we can prove the following result in the whole space.
Theorem 2. Under the condition (**), we have a global solution u(x, t) to the parabolic problem (1-2) and by passing to a subsequence, denoted by u(·, t k ) with t k → ∞, it converges locally and uniformly to
which is a bounded smooth solution to the elliptic problem:
The drawback of this result is that the limit may be a lower dimensional solution. We now give another remark. In our previous paper [7] , we studied the semi-entire non-negative solution to the following parabolic equation:
where a and b are positive functions in R n , and u 0 ≥ 0 is a given positive smooth function in R n . We have proved by using the upper-lower solution method (see [20] ) that the semi-positive solution to (4-5) is well defined and the solution converges locally uniformly in x ∈ R n as t → ∞. It is quite clear that the symmetry properties of the equation (4) (5) are preserved by the limits-solutions to the elliptic problem in R n . We now consider a related question to the above. Given two solutions u 1 (x ) < u 2 (x ) to the elliptic equation in R n−1 :
A nice question is to find an x n -monotone solution u(x , x n ) to the elliptic equation in R n :
and lim xn→+∞ u(x , x n ) = u 2 (x ).
We can only give a partial answer to this question.
Theorem 3. Assume that we have condition (**). Given two solutions u 1 (x ) < u 2 (x ), x ∈ R n−1 to the elliptic equation in R n−1 :
Then either (i) for every c ∈ (u 1 (0), u 2 (0)), there exists an (n − 1) dimensional solution u c with u c (0) = c or (ii) there exists an x n -monotone solution u(x , x n ) to the elliptic equation in R n :
and lim
Before giving the proof, we remark that the converse is always true. That is, given a bounded smooth x n -monotone solution u to (6) in R n with ∂ xn u > 0 in R n , the limits u 1 (x ) = lim xn→−∞ u(x , x n ), u 2 (x ) = lim xn→+∞ u(x , x n ) are bounded solutions to (6) in R n−1 . Our result is closely related to Theorem 1.3 and Proposition 1.11 in [13] .
Proof. Choose Φ(x) in the following way:
where u 0 (x n ) is the one dimensional monotone solution to the ODE
with u 0 (−∞) = −1, u 0 (0) = 0 and u 0 (∞) = 1. Clearly, Φ(x) is monotone increasing in x n with
Choose an exhaustion of bounded smooth domains
Using Theorem 1, we can find an x n monotone increasing solution u k to the elliptic equation in
Then we can choose h k ∈ R such that
where c ∈ (u 1 (0), u 2 (0)). We can further require that either (i)
or (ii) for some uniform positive constant δ 0 such that
We set U k (x) = u k (x , x n + h k ). Using the locally uniform C 2 a priori bound for the sequence {u k }, we can extract a locally uniform convergent subsequence of {U k }, still denoted by {U k } with limit U . In case (ii), we still have ∂ xn U ≥ 0 on R n and ∂ xn U (0, 0) ≥ δ 0 . By the maximum principle we have ∂ xn U > 0 on R n . Then this U is non-trivial x n -monotone solution wanted. In case (i), we have by using the Harnack inequality to ∂ xn u k we conclude that ∂ xn u k converges locally and uniformly to zero. So is ∂ xn U k . This implies that the limit U = U (x 1 , ..., x n−1 ) is an (n − 1) dimensional solution to (6) on R n−1 . This completes the proof of Theorem 3.
Theorem 3 (ii) implies the following Proposition 1. Assume that Theorem 3(ii) is true for any pair u 1 < u 2 = 1 in dimension n = d ≥ 9, and assume that there exists a counter-example to De Giorgi conjecture in dimension n = d (d ≥ 9). Then the De Giorgi conjecture is false in dimension n = d + 1.
Proof. We prove the Proposition by induction method. Assume that we have a counter-example ξ to De Giorgi conjecture in dimension n = k + 1. Then ξ < 1 in R k+1 . Take u 2 = 1 in Theorem 3. Let u 1 = ξ < u 2 in R k+1 . Using Theorem 3, we have a x n+1 -monotone solution u to the scalar Ginzburg-Landau equation in dimension n + 1 connecting u 1 = ξ with u 2 = 1. Clearly, u < 1 in R n+1 is a counter-example to De Giorgi conjecture in dimension n + 1.
This completes the proof.
We now review the method in proving our Theorems. As we mentioned before, the method we shall use in studying the problem (1-2) is the domain exhaustion method and the comparison principle. To make the presentation more clear, let's recall the method in the heat flow case. The steps in the methods go as below. We first choose an exhaustion of bounded smooth domains
Let φ be a bounded x n -monotone smooth function in R n . Then we solve the heat equation
to get a unique monotone solution u k on D k ×(0, ∞). Then we can use the standard L p parabolic theory to get a uniform bound for the solution sequence {u k }. By the famous Azela-Ascoli theorem we can get a convergent subsequence to find a unique bounded x n -monotone solution to the heat equation in R n . If we study the behavior of the solution at time infinity t = ∞, then we get a locally uniform convergence. However, by the Liouville theorem, the limit is a constant. The advantage for heat flow method is that, using the maximum principle, it is quite clear that the monotonicity or convexity of the initial data φ is preserved along the heat flow. So is the limit.
It is remained an open question [20] about the stability and the convergence of the solution u(x, t) to the parabolic problem (1-2) as t → ∞. Generally speaking, one need more restrictive conditions to guarantee the stability of smooth solutions to the elliptic or parabolic equations. We hope to handle this in the future chance.
2. Proof of Theorem 1. To prove the Theorem 1, we use the heat flow method. In the following, we write by Ω a bounded smooth domain in the (n−1) dimensional space R n−1 . We then write Ω = Ω × R, which is a unbounded domain in R n . For T > 0 we let 
we study the elliptic problem on a bounded domain first:
We remark that the problem above is defined on the bounded Lipschitz domain and it can be again considered as the limiting problem of the following parabolic equation
Using the boundary blow-up solution (see [7] ), one can easily know that the solution to (11-13) is globally and uniformly bounded. By the standard parabolic equation theory ( [8] and [10] ), we have a unique global bounded smooth solution u(·, t) to the problem (11) (12) (13) . Note that ∂ xn u satisfies the following parabolic equation
It is clear by using the maximum principle [8] (see also [7] , [20] , and [21] ) that the property ∂ xn u > 0, is preserved for our flow (11) (12) (13) . Then, we can get a solution u T = lim t→∞ u(·, t) to (9-10) with ∂ xn u T ≥ 0. By the strong maximum principle we have
Let T = k and k = 1, 2, 3.... Then we get a solution sequence u k . Using the boundary blow up solution argument [7] we can easily get a priori estimate that for any compact domain D ⊂ Ω, we have a uniform constant C(D) > 0 such that
for all k = 1, 2, 3.... Extracting a diagonal sequence from u k (·, t k ) we can get a uniform convergent subsequence (u k ) such that
where u(x) is a solution to the problem (7-8) with the property ∂ xn u > 0, Ω.
We now letū (x ) = lim xn→+∞ u(x , x n ) and u(x ) = lim xn→−∞ u(x , x n ), where x ∈ Ω . Clearly we have Using the standard parabolic equation theory [10] , we have a locally uniform C 2,α -estimate for solution sequence {u k (x, t)} and passing to a subsequence, denoted by u k (·, t kj ) with t kj → ∞ as j → ∞, we get that u k (·) = lim j→∞ u k (·, t kj ), which is a unique solution to the elliptic problem:
By passing to a subsequence again, denoted by (u k (x, t)) again, we have the limit u(x, t) = lim k→∞ u k (x, t) which is a global solution to the problem (1-2). By extracting a diagonal subsequence again,denoted by (u k (x, t kk )), we have that u(·) = lim k→∞ u k (·, t kk ) = lim k→∞ u(·, t kk ), which is a bounded smooth solution to the elliptic problem:
This proves Theorem 2.
